Collisions between an atom and a diatomic molecule are theoretically investigated. The detailed calculations are carried out in the special case of hydrogen gas at lower temperatures in order to interpret the observed relation between the viscosity of the gas and the para-ortho concentration ratio.
Up to the present, all calculations for elastic collisions between molecules have been limited to the case of spherically symmetric intermolecular potentials. Of course, real molecules, except those of inert gases, are not spherically symmetric. It seems, therefore, highly desirable to investigate characteristic features of the collisions between non-spherical molecules. For these collisions, the trouble is that the molecules can undergo rotational transitions and, in some cases, vibrational transitions too. For example, rotation-translation energy interchange upon collision may occur with considerable probabilities in N 2 , CO, 0 2 etc., which prevents us from separating elastic collisions from inelastic ones.
Moreover, these molecules are distributed over a number of rotational states at room temperatures. In view of this fact, we have to carry out a tremendous amount of calculation before we can get theoretical values of any quantities which can be compared quantitatively with experimental values.
However, ~-gas at low temperatures forms an exception. In this case, almost all para-hydrogen molecules are in the ground rotational state while those of ortho-hydrogen are in the first excited one. Moreover, because of the large spacings of their rotational levels, rotation-translation energy interchange can hardly take place. Therefore, we can treat the molecular collision in hydrogen gas at lower temperatures as a purely elastic one. Furthermore, owing to the smallness of the mass of this molecule, we can foresee the possibility of the presence of some quantum effects in the collision. For these reasons, we have studied some features of the collision between hydrogen molecules at low temperatures.
For collisions between non-spherical molecules, one would think that the molecules prefer some particular orientations during the collision. Generally speaking, such states having a particular orientation can be obtained only by mixing of many wave functions of higher rotational states. Such mixing hardly occurs in the case of hydrogen molecules because of their large level spacings mentioned above. The ortho-hydrogcn molecule is, however, in a triply degenerate state of the directional quantization and mixing among these three substates takes place even at low temperatures. Only such kind of mixing is taken intoaccount in this work. In the rpara-ortho collision, for example, the total angular momentum J is the vector sum of the rotational angular momentum I of the ortho-molecule and the angular momentum j of the relative motion. The three rotational sub-states correspond to· the three possible orientations of the vector l around the constant vector ]. A general mathematical formulation along this line is developed in the next section and its application to the case of hydrogen is given in § 3.
In relation to this calculation, it must be mentioned that Becker and Stehl measured recently the viscosity of hydrogen gas at low temperatures, 1 l which, in fact, aroused our first interest in this kind of problem. They measured the viscosity for various concentration ratios of para and ortho components and could get a small variation of the viscosity. Comparing with a theoretical prediction by Halpern and Gwathmey, 2 l however, they found that the viscosity variation was in the opposite sign and very small in absolute magnitude.
We show in § 4 that the disagreement has been brought in by the rough assumption of the intermolecular potential, i.e. the rigid sphere model, since we can avoid the greater part of this disagreement by adopting more detailed potential including the van der Waals attraction. However, in order to make a complete explanation for the observed small variation in viscosity, we have to give an accurate estimate of many different kinds of small effect. which is extremely laborious. For this reason, we can not completely explain the remaining small variation, but some brief accounts are given in § 4 for the various effects which seem to play important roles in this phenomenon. § 2. Mathematical formulation of the collision problem Since the para-hydrogen molecules are in the spherically symmetric state, the para-para collision can be treate-d by the ordinary method for the spherically symmetric potential field. Thus we shall mainly investigate the para-ortho collision in this section.* This collision process can be considered an encounter between a diatomic molecule and a monatomic one. Thus in the center-of-gravity system, we have the following wave equation** (2 ·1) where the first term represents the rotational energy of the diatomic molecule (the vibrational degree of freedom being neglected throughout this work), the second term corresponds to the energy of the relative motion of the two molecules and the third one is the intermolecular * More general discussions about the collisions between diatomic molecules have been given in another place.'ll ** Atomic units are used throughout this paper. 7f/ in the form For the para·ortho collision, we may put l= l' = 1, but the above and the following equations are valid more generally for the collision l:etween a diatomic molecule and a monatomic one. Furthermore, it may be noted that the para-para collision is also involved in the present formulation as a special case in which l= l' = 0. Now we shall consider the collision in which the diatomic molecule has the definite values of the rotational quantum number /, m before collision. After collision, all quantum numbers j, v, l, m have the possibility to take different values from the initial one. We can, however, reduce the number of changeable quantum number to two if we move into a new representation of the states in which the total angular momentum J and its z- Since J and p. are good quantum numbers, the set of equations for G(R) has the form
.
~ Moreover, since the intermolecular potential V is a function of the relative distance and the relative orientation of the two colliding molecules while the quantum number f1 defines the orientation of the system as a whole, it is clear that the matrix elements (] f1 j I !VIJ f1 j' I') are independent of p. In what follows, therefore, we shall omit the subscript f1 from the matrix elements.
For our present purpose, we can confine ourselves to the case in which the inelastic processes hardly take place. Thus our fundamental equations become (2·8) Furthermore, the orbital angular momentum j hardly changes in the low energy collisions.
The change in j means the change of the virtual potential j (j + 1) j2MR 2 • For hydrogen, the reduced mass M is so small that change of the effective kinetic energy Fj2M-j (j + 1) j2MRr is considerably large, which makes the overlap between the initial and the final wave functions very small. For this reason, we may assume, at least to the first approximation, that j is also a good quantum number, and our set of equations is reduced to (2·9) which is a set of separated equations.
As is well-known, if we expand the plane wave exp (ikR cos 8) in terms of the Legendre polynomials we have
where the function {.;(R) has the asymptotic form (kR) -l sin (kR-¥2 jn) at large distance R. Therefore, the incident wave in our collision problem can be written in the form Yin, ( (}, lf') exp ( ikR cos 8)
* The transition occurs only near the classical turning point R=Ro. 
where the function G(R) has the asymptotic form
According to (2·6) and (2·9), the wave function in the potential field can be wa:\tten as follows we easily get
After all, the wave function lJ! is asymptotically expressed as
From this expression the total cross section for scattering u1 and the cross section uv effective to the viscosity are obtained straightforwardly. (See Appendix.) The result is
* G(R) is the solution of (2•9) corresponding to our scattering problem (see (2•6)), while F(R) is a particular solution of (2•9) which is normalized as in (2•10). They are related with each other by
In the above formulation, we have assumed the orbital angular momentum j to be a good quantum number. But it is possible for this quantum number to change during the collision, so that it is desirable to study to what extent this quantum number can change. For this sake, we must start from the equation ( 2 • 8) . In the following, however, we shall confine ourselves to the case l= 1, for the sake of simplicity.
For collisions between two identical homonuclear diatomic molecules, I j-j' I can be zero or even number only. 3 l Furthermore, from the combination rule for the angular momenta, we have the restriction: J=j', j' ± 1 and ]=j, j ± 1. Therefore, for any given
value of ], we have the following three equations :
The pair of coupled equations (2 ·15) may be solved by the perturbation method, which yields solutions of the form G + LIG, where G are solutions of the uncoupled equation (2 · 9) and the additional parts LIG have, to the first approximation, the following asymptotic forms,
"'
LIG~;_t, t.._eikR+ia~-l,ts
Now the total cross section is given by
and, according to (2 ·16), it is easy to see that, after averaging over the quantum number m, the first order correction terms are cancelled out owing to the relation 2J ~~,1 ~.;,;·1=0.
"' Therefore, the correction to CT1, after averaging over m, is given by Assuming one of the colliding molecules to be in the para-state, we average the potential ( 3 · 1) with its rotational wave function and get the effective potential corresponding to V in the general theory given in § 2. The result is V=Vvv+ (~e-2 R _ _i_ -1 -)P 2 (cos;().
Here V,p is the potential for the para-para collision :
Then the potential for the para-ortho collision becomes 9 l V.p=VvP+LIV, 
where the lower limits of the integrals are the outermost zero of each integrand. To calculate the integrals in (3 · 7), we divide it into the following three parts:
The first part is evaluated numerically by the Simpson formula and the second part can be integrated analytically as 
dR . R-
1n the latter case, we have divided the whole interval into two parts and for larger R, 4) in Fig. 5 . In these curves, the accuracy of the computation is not good in the region of hump right side of the intersecting point of the three lines, because this is the region where both the Born and the Jeffreys approximations fail.
The total cross section crt and the cross section effective for the viscosity a-. are shown in Fig. 6 and 7 respectively. The solid line corresponds to the para-para collision; we have obtained the line from the formulae (2. 12) and (2. Now we shall try to give an explanation for these observed facts. (a) First of all, it is to be noted that, for collisions between two hydrogen molecules with identical internal states, odd values of the angular momentum of the relative motion are excluded by the Bose statistics. This arouses differences in the cross sections for parapara, para-ortho and ortho-ortho collisions, even if we assume the same intermolecular potential for all these. About twenty years ago, Massey and Mohr' 2 l calculated the total cross section crt and the cross section o-. effective for viscosity for the rigid sphere model and investigated the similarity effect we are considering. The results of their calculation showed that a-. for the similar particles was larger than o-. for the dissimilar ones, for all values of the energy of the collision. Consequently, Halpern and Gwathmey, who. made a comparative study of the para-para and para-ortho collision using the results of Massey and Mohr, concluded that the viscosity coefficient of pure para-hydrogen gas should be smaller than that of para-ortho mixture. (Note that the viscosity coefficient is inversely proportional to the cross section Q •. ) This is clearly contradictory to the observed fact (i).
Furthermore, the predicted viscosity variation by Halpern and Gwathmey was too large in absolute magnitude. Now, the greater part of this contradiction can be removed by our present calculations. In Fig. 7 , the solid line oscillates up and down about the dotted line and after averaging this with the Maxwellian distribution of the energy of collisions, we find no appreciable difference between the viscosity of the pure para-hydrogen gas and of the para-ortho mixture. This oscillatory behaviour comes from the positive part of the phase shifts (see Fig. 4 ) and the latter is due to the van der Waals attraction. We can say accordingly that the use of a reasonable. intermolecular potential can avoid the greater part of the discrepancy between the experiment and the older theory.
It must be noted, however, that as long as we take into account the effects of the Bose statistics only, we must have the result either or (LJQjQ)op < (LJQjQ)oo < 0 because the para-and ortho-hydrogen molecules are completely dissimilar, while ortho-ortho pair is partly similar. Both of these inequalities are inconsistent with the observed order (i). Therefore, in order to get a full explanation for the remaining small variation in the observed viscosity, we must resort to other effects. Unfortunately, there are many small effects which must be investigated before obtaining quantitative results, and studies of these small effects require calculations of a very high degree of accuracy. Such quantitative investigation is beyond the present work as the accuracy of our calculation is not enough. But, in the following, we shall give a brief survey about various causes which might have some effects on this point. 
As we are concerning ourselves with very small difference of the viscosity, LJ(J/ is not a negligible quantity, though it is small. It turns out, however, that after averaging with the weight factor g ( j, ]) , we get very small F 3 • * This is due to the cancellation of the * It is the general feature that the first order effect due to the non-spherical nature of the intermolecular potential is vanishingly small. As for the ger.eral discussions, see the reference 3. pos1t1ve and the negative J/J/. As a result, the calculated value of Ja-~ has the correct sign but is too small by a factor of about ten. So we cannot attribute the observed difference to this effect only.
( This is the same order of magnitude as the difference at issue, but the effect is almosttemperature independent and this is in contradiction to the observed fact (ii) .
(d) According to the potential (3 · 3), the system of two hydrogen molecules has a stable discrete level for j=O and a quasi-stable level for j=l.* Namely, there are some H 4 molecules in hydrogen gas at lower temperatures. Their presence naturally contributes to the viscosity, and the change of the viscosity due to this effect may be regarded as proportional to the concentration ratio H 4 to H 2 • For the identical pair of two hydrogen molecules, the level j = 1 is excluded because of the Bose statistics and this arouses the viscosity variation we are considering. This effect decreases in its magnitude when the temperature rises in accordance with the observed fact (ii), at least qualitatively. But this effect is inconsistent with (i), because this comes from the Bose statistics just as the effect· (a).
(e) Up to now, we have tacitly assumed that the viscosity coefficient is expressed by the classical formula : where r=k 2 j2MxT, and + and -correspond to Bose-Einstein and Fermi-Dirac stat1st1cs, respectively. n is the number of particles per unit volume. By this effect the variation of viscosity with para-ortho concentration ratio might have the opposite sense to the observed one since aw is a negative quantity for our problem. This effect, as well as the previous * The level j = 1 is estimated to be virtual for our potential V 1'1'' but since this energy level is veryclose to zero energy and is surrounded by a thick potential barrier due to the centrifugal force it is practically stable.
one (d), are pressure-dependent ru!.d since the pressure of hydrogen gas varies rather rapidly from point to point in the apparatus of experiment, we have not estimated these effects quantitatively. Because of these dependences on pressure, it is desirable to attempt an experiment under various pressures.
(f) Finally, we can estimate the effect of change of j along the line developed at the end of § 2. It tums out that this effect seems to have the same or somewhat larger order of magnitude and it may be expected that this effect is consistent with (i) . But this does not depend on temperature in the required way. As a conclusion to this section, we can say that any single one of the effects abovementioned can not explain the observed viscosity variation. In other words, for the explanation of this phenomenon, it seems inevitable to take simultaneously two or more of these effects into account. More detailed analysis is open to an investigation in future.
Conclusions
In this paper, we have developed a theory of collisions between non-spherical molecules.
Though the detailed calculations have been confined to the special case of hydrogen gas at lower temperatures, our procedures of treating the problem can be extended to other cases straightforwardly. For the problem of the viscosity variation, we have found that an improvement in the shape of intermolecular potential function can avoid the greater part of the discrepancy between the experimental fact and the previous theory. However, the quantitative explanation of this phenomenon requires more detailed calculations. 
which is the well-known expression for the spherically symmetric potential.
